We analyze the scattering dynamics and spectrum of a quantum particle on a tight-binding lattice subject to a non-Hermitian (purely imaginary) local potential. The reflection, transmission and absorption coefficients are studied as a function of the strength of this absorbing potential. The system is found to have an exceptional point at a certain strength of the potential. Unusually, all (or nearly all) of the spectrum pairs up into mutually coalescing eigenstate pairs at this exceptional point. At large potential strengths, the absorption coefficient decreases and the effect of the imaginary potential is similar to that of a real potential. We quantify this similarity by utilizing properties of a localized eigenstate. arXiv:1910.07439v1 [quant-ph] 
I. INTRODUCTION
In recent years there has been a surge of interest in quantum systems that are described by non-Hermitian Hamiltonians. Although hermiticity is regarded as a postulate of standard quantum mechanics, non-Hermitian Hamiltonians are useful as effective descriptions of systems where loss or gain plays an important role, such as open quantum systems [1] and optical systems described by wave equations formally analogous to a Schrödinger equation [2] [3] [4] . By now, a number of experimental platforms for the study of non-Hermitian quantum mechanics are available. These include lasers or optical resonators [5] [6] [7] [8] , coupled optical waveguides [9] [10] [11] [12] [13] , microwave resonators [14] [15] [16] [17] and arrays thereof [18] , optical microcavities [2, 19, 20] , optomechanical systems [21] , photonic crystals [22, 23] , acoustics [24] [25] [26] [27] atom-cavity composites [28] , exciton-polariton systems in semiconductor microcavities [29, 30] , and various other arrangements [31] [32] [33] [34] [35] [36] .
Non-Hermitian Hamiltonians lead to various phenomena not present in Hermitian systems. The eigenvalues of non-Hermitian Hamiltonians are in general complex, and the eigenstates are in general not mutually orthogonal. This non-orthogonality becomes extreme at points in the parameter space referred to as exceptional points [37] [38] [39] [40] [41] . At an exceptional point, the eigenvalues appear to become degenerate. However, it is not a genuine degeneracy as the corresponding eigenvectors coalesce as well. This results in our eigenstates no longer providing a basis spanning the entire Hilbert space. The Hamiltonian matrix is therefore non-diagonalizable and is a defective matrix [42, 43] at these exceptional points. The surviving eigenstate at an exceptional point is chiral [44] ; this chirality has been observed experimentally [7, 8, 16, 30, 45] . Other phenomena associated with exceptional points include loss-induced transparency [9] , unidirectional transmission [26, 32, 33] , lasers with nonmonotonic pump-dependence [5] , enhanced sensing [46] [47] [48] , etc. Exceptional points are also associated with the real-to-complex spectral transition for parity-time (PT ) symmetric Hamiltonians [41] .
In this work, we are concerned with the non-Hermitian physics of a quantum particle on a tight-binding lattice. Previous studies of non-Hermitian effects for a lattice particle include Anderson localization [49] [50] [51] and localization in quasiperiodic potentials [52, 53] , invisibiltiy (reflectionless scattering) due to non-Hermitian hopping [54] or oscillating imaginary scatterer [55] , flatband physics [56] , Bloch oscillations [57] , PT symmetry obtained by combining an absorbing potential on one site with an emitting potential on another [58] [59] [60] [61] [62] [63] [64] , etc. In addition, non-Hermitian tight-binding lattices form the basis of the study of non-Hermitian topological many-body systems, a topic of rapidly growing interest [65, 66] . A few studies have also addressed interacting many-body systems in non-Hermitian lattice systems [67, 68] .
We will consider an imaginary potential on one site of the lattice, serving as an absorbing scattering potential. This can be regarded as a lattice analog of an deltafunction scattering potential in the continuum which is purely imaginary. An imaginary scattering potential is linked to measurement [69] , and is thus related to quantum first-passage time problems and the quantum Zeno effect [70] [71] [72] [73] . In analogy to the quantum Zeno effect, it is expected that an imaginary potential will have suppressed absorption when the strength of the potential is large. This suggests that the absorption might be nonmonotonic as a function of the strength of the dissipative potential. In this work, we explicitly show nonmonotonic dependence of the amount of absorption on the potential strength, in the context of a simple lattice model. The Hamiltonian is
Here γ is a positive constant, so that the imaginary potential is absorbing. The labels for the bra's and ket's here are site labels: the particle lives on an Lsite chain with open boundary conditions. The hopping strength will henceforth be set to J = 1, i.e., energies and times are measured in units of J and 1/J respectively, and are therefore presented without units. Also, the spacing between sites is set to unity, so that lengths Impurity site FIG. 1. The impurity is placed at one of the central sites of the lattice, as shown here for L = 6. In this case, it could equivalently be placed on the 4th instead of the 3rd site. For odd L, there is a definite central site.
and wavenumbers are dimensionless as well.
The site q is the location of the dissipative impurity. Since we want to study reflection and transmission, it is convenient to place the particle at the center of the lattice, at either site L 2 or L 2 + 1 (Figure 1 ). We present a study of the dynamics and eigenspectrum of the system (1). By scattering wavepackets numerically off the dissipative impurity, we show how the reflection, transmission and absorption fractions depend on the strength γ of the impurity. These results are compared with the continuum problem, which is a variant of the standard textbook problem of quantum scattering off a Hermitian delta-function potential. In both cases the absorption coefficient is found to be a non-monotonic function of γ, having a maximum at a point that depends on the momentum of the incident particle or wavepacket. In addition, we present the spectrum of the Hamiltonian, which shows an unusual exceptional point at γ = 2 at which all (or nearly all, depending on L) of the eigenvalues pair up. The absorption coefficient is non-monotonic and has a maximum near, but not necessary at, the exceptional point. At large γ, the absorption is vanishingly small, and the system behaves as if the impurity were a real potential V . In particular the system has a (anti-)bound eigenstate, which allows us to draw a correspondence between values of γ and V . The localized eigenstate is purely a lattice phenomenon with no analogue in the continuum.
In Section II we present the scattering results and comparisons with the continuum case. Section III discusses the spectrum and exceptional points. In Section IV we investigate the system at large γ values, and draw a comparison between real and imaginary potentials via their bound states. In Section V we present some discussion and concluding remarks. The Appendices present some further details on the eigenvalues and eigenstates.
II. SCATTERING AT AN ABOSORBING POTENTIAL -REFLECTION, TRANSMISSION, ABSORPTION
In this section, we examine the scattering of a quantum particle by the dissipative impurity. To make a comparison with the corresponding continuum system, we first work out the results for the continuum system in II A, before turning back to our lattice problem in II B. 
A. Continuum scattering by imaginary delta-potential
In the continuum, the wavefunction ψ(x) satisfies the time-independent Schrödinger Equation:
(We will eventually set = 1 but retain it for now.) We take V (x) to be a negative imaginary delta potential:
Solving the scattering problem is a variation of the standard textbook scattering problem with a real deltafunction potential [74] . We take the wavefunction to be of the form e ikx + re −ikx on the left half-line (x < 0) and of the form te ikx on the right half-line (x > 0), with wavenumber k > 0. We then use the appropriate (dis)continuity conditions at x = 0 to solve for the reflection and transmission amplitudes (r, t). This yields
Using (3) we can obtain the reflection, transmission, and now also absorption probability as functions of the parameter γ:
We see in Figure 2 that R = T for a particular value of γ, and that A is maximized by some value of γ. Using (3) and (4), we find that these points are both equal to
These expressions depend on and the mass m. We set = 1. To facilitate comparison with the lattice situation, we choose m = 1/2 so that the quadratic dispersion ( 2 k 2 /2m) on the continuum matches the lowenergy part of the cosine dispersion (−2 cos k) on the lattice without impurity. Thus
We now turn to the lattice problem. Through numerical time evolution we will calculate the reflection and transmission fractions, R and T , and obtain the absorption fraction using A = 1 − R − T .
We initialize our particle as a (discrete version of) a Gaussian wavepacket, localized around the site j 0 and carrying lattice momentum k: 7) where N is a normalization constant. A positive k ensures that the wavepacket will propagate rightwards initially. The position j 0 is chosen such that the wavepacket starts on the left side of the lattice, and does not initially overlap significantly with either the lattice edges or the impurity. The width σ is chosen to be significantly larger than 1, but significantly smaller than L/2. The wavepacket is evolved using the Hamiltonian: |ψ(t) = e −iHt |ψ(0) . Expressing the wavefunction at time t in the site basis, |ψ(t) = j ψ j (t) |j , the coefficients ψ j (t) provide the occupancies, |ψ j (t)| 2 . Figure 3 shows the evolution of a wave packet for three different values of γ, initially localized near the left end of a 500-site lattice. After the particle is incident on the impurity, we see different portions being reflected and transmitted. Choosing a time after the collision has occurred, such that the reflected and transmitted packets are well-separated from the impurity, one can define the coefficients based on the wavefunction coefficients at this time. The reflected (transmitted) fraction is the weight to the left (right) of the impurity. Denoting the impurity site as q, Figure 4 shows the results of calculating the coefficients for a lattice with 500 sites, with the impurity at site 250, for a range of values for γ. The coefficients are extracted from time evolution with a σ = 40 wavepacket. We have checked that the dependence on σ is negligible provided 1 σ L/2. For both Figure 3 and Figure 4 , the wavepacket momentum is k = π/2, for which the dispersion of the wavepacket is least severe. 
C. Comparison between Continuum and Lattice
Comparing Figures 2 and 4 , we see that our lattice results are very similar to the continuum results, except for a rescaling of γ. In the continuum case, we have found that the main feature [maximum of A(γ), or cross- ing point of R(γ) and T (γ)] occurs at a value of γ that is proportional to the momentum, γ max = 2k. One therefore expects that in the lattice case γ max should also depend on the momentum of the scattered particle. More specifically, since the single-particle dispersion changes as k 2 → −2 cos k in going from the continuum to lattice, one expects from the dependence of γ max = 2k in the continuum that the dependence might be γ max = 2 sin k on the lattice. We can extract γ max for various momenta by running our numerical time evolution of wavepacket scattering for various momenta and identifying the maximum of A(γ). The results are shown in Figure 5 , comparing the continuum and lattice case. Indeed the momentum dependence of the γ max appears to be ≈ 2 sin k on the lattice, with a maximum of γ max ≈ 2 for k = π/2.
III. SPECTRUM AND EXCEPTIONAL POINTS
It turns out that the value γ ≈ 2 also plays a special role in the spectrum of our non-Hermitian lattice Hamiltonian.
Previously we presented data for systems with 500 and 250 sites. For clarity, we now show the spectrum of smaller systems. Figure 6 presents the eigenvalues for a system with 14 sites as a function of γ. As the eigenvalues are complex, the real and imaginary components are shown separately. We also show the 14 eigenvalues in the complex plane, for three different values of γ, in the eigenvalues coalesce in pairs. (The coalescence is visible in the real parts -the imaginary parts are already paired up even at γ < 2.) This is not a higher-order exceptional point [75] [76] [77] , but rather an exceptional point where all eigenvalues pair up as second-order exceptional points, not just two eigenvalues. Of course, observing the eigenvalues is not sufficient to say that this is an exceptional point -the eigenfunctions also need to coalesce. Indeed, considering the pair of eigenstates whose eigenvalues become equal at γ = 2, we find numerically that one of the eigenstates becomes equal to −i times the other eigenstate.
In Appendix A we show analytically that the eigenvalues always group into degenerate pairs at γ = 2, for an even-L lattice with the impurity at one of the central sites. One can also show that the corresponding eigenstates for every such pair are linearly dependent.
We note that, unlike exceptional points which separate a PT-symmetric phase from a PT-symmetry-broken phase, the eigenvalues of our system are complex on both sides of the exceptional point. The imaginary parts on average have larger magnitude near exceptional point, and generally decrease as one moves away from γ = 2, with one striking exception.
The exception corresponds to one of the two eigenvalues whose real part becomes zero. The imaginary part becomes large and negative as γ increases, and eventually becomes ≈ −γ. This eigenvalue corresponds to a bound state localized at the dissipative impurity, which we will analyze in the next section.
The structure of the spectrum discussed here for L = 14 is true for L mod 4 = 2. For other values of L, there are variations, which we discuss in Appendix C. In Appendix D we also discuss the dependence of the location of the impurity site.
IV. LARGE γ
At large γ the absorption decreases, suggesting that the effect of the imaginary potential is similar to that of a real potential. In this section we draw a comparison between the effects of real and imaginary on-site potentials.
In Section III we saw there was a single eigenvalue, with a corresponding eigenstate, which had a purely imaginary negative component. At large γ the eigenenergy approaches −iγ, for which a plausible explanation would be that the eigenstate is localized at/around the impurity site q and hence its energy is primarily determined by the −iγ |q q| term in the Hamiltonian (1). Indeed the corresponding eigenstate is numerically found to be exponentially localized around the impurity site ( Figure 8 ).
For comparison, we also consider the effect of a real potential, i.e., the Hermitian Hamiltonian
Here V is a real parameter which could be either positive or negative. It is known that this Hamiltonian supports a bound state for negative V and an anti-bound state for positive V . (The spectrum, which is real, contains one state which separates from the band and at large |V | approaches V .) This eigenstate is exponentially localized around site q.
In Figure 8 we show the exponential localization of the eigenstate both for the real potental (|V | = 2.5) and for the dissipative impurity γ = 2.5. At these values, the eigenstate is more strongly localized (has smaller localization length) for the case of the real potential, Eq. (9). Approximating the occupancies at site j by the form ∝ e (j−q)/α , where q is the impurity position, one can extract the localization length α. By extracting α for the localized eigenstate for various values of γ in the case of our non-Hermitian system (1), and for various values of V in the case of the system (9), we can assign to each γ > 2 a value of V , for which the same localization length is obtained. Results of this calculation are shown in Figure 9 , for a system with L = 42 sites. This quantifies the idea that, at large γ, an absorbing impurity behaves like a real-valued impurity.
For values of γ < 2, there is no bound state. For γ slightly larger than 2, the localization length corresponds to the bound state of a very weak real potential (very small |V |). As γ grows, the corresponding |V | increases and asymptotically approaches |V | = γ. In other words, the effect of an absorbing impurity of large strength γ 2 is similar to that of a real-valued impurity of the same strength.
One can ask whether in the continuum case there is a similar correspondence -in that case also the absorption is low for the non-Hermitian model at large γ. It is wellknown that the negative real delta-potential has a single bound (localized) state. However, neither the positive real potential, nor the imaginary potential, have bound states. (If one assumes that there is a bound state for some potential, λδ(x), one finds that λ must have a real component, which is negative.) Hence no quantitative correspondence can be drawn in terms of the localization length, as we have done for the lattice.
In Appendix B we show site occupancy profiles for a sample of some of the eigenstates. Other than the special (localized) eigenstate, the other eigenstates resemble those for a real potential -the eigenstates at the bottom and top of the band have few nodes, while those near the center of the band have many nodes. 
V. DISCUSSION AND CONTEXT
We have studied the scattering dynamics and the spectrum of a tight-binding single-particle system with a non-Hermitian absorbing impurity at one site, focusing on the case where the impurity is near the center of the lattice.
Setups loosely similar to ours have been explored in a few other recent works. In Ref. [55] , scattering off a localized lattice impurity is studied, in the case where the strength and phase of the impurity are oscillating. Scattering was studied using Gaussian wavepackets, as in the present work. For certain parameters, the oscillatory non-Hermitian impurity was reported to allow perfect transmission ('Floquet invisibility'). In Ref. [78] , the lattice impurity was placed at the lattice edge and the role of the non-orthogonality of the eigenstates on the nonunitary time evolution was explored. In addition, some related issues have been discussed in the context of PTsymmetric lattice systems formed by having imaginary potentials on multiple sites. The spectrum of lattices with two impurities has been studied in Refs. [59, 64] . Ref. [58] reported an eigenstate which is localized on the two impurity sites -this may be considered a PTsymmetric version of the localized eigenstate we have studied. Refs. [59, 60] have made comparisons between the non-Hermitian system and corresponding Hermitian system, as we have done.
In the present work, by explicit time evolution starting from initial states which are momentum-carrying wavepackets, we found the reflection, transmission and absorption coefficients (R, T , A) as a function of the impurity strength γ and of the incident momentum k. The absorption was shown to first increase and then decrease as the strength γ is increased. It can be argued that this non-monotonic behavior is related to the quantum Zeno effect. The experimental non-monotonic behavior of Ref. [34] can be interpreted in the same light. We have demonstrated and analyzed the effect in a simple lattice setting. We have also compared with the scattering of a single particle in a continuum from an absorptive deltapotential.
We have also presented the spectrum of the non-Hermitian system. The system we focus on -even number of sites, impurity at one of the central sites -has an unusual exceptional point structure. At the same value of γ, all the eigenstates of the systems coalesce in pairs. This is not a higher-order of exceptional point [75] [76] [77] , rather, it is a collection of many second-order coalescences at the same point in parameter space. At larger γ, the spectrum contains one localized eigenstate. This is another way in which a strong absorptive impurity acts like a real-valued impurity potential. This feature is particular to the lattice as there are no bound states in the corresponding continuum problem. The eigenvalue corresponding to the localized eigenstate has a purely imaginary value.
The present study provides motivation for a more thorough investigation of the spectrum of simple non-Hermitian models. The structure we have foundmany pairs coalescing at the same point -suggests that non-Hermitian spectra may hold more surprises not yet known in the literature.
In the main text, we have shown numerically that the eigenvalues of our system coalesce in pairs at γ = 2, for even L, when the impurity site q is one of the central sites, i.e., when q = L/2 or q = (L/2) + 1. In this Appendix, we analyze the eigenvalues analytically. We express the characteristic polynomial (whose roots are the eigenvalues) in a form which allows us to predict, first, that all the eigenvalues pair up when q is one of the central sites, and second, that this is a multiple exceptional point because each eigenstate pair is linearly dependent. The characteristic polynomial is treated in subsection A 1 and the case of q = L/2 (or q = L/2 + 1) is considered in subsection A 2.
General location, q
We want to find the eigenvalues of the L × L matrix
Here 1 ≤ q ≤ L. The characteristic polynomial of this matrix up to a minus sign is the determinant of the tridiagonal matrix 
Now the determinants of tridiagonal matrices satisfy a recurrence relation. If P n is the determinant of the n × n matrix with elements
then P n = a n P n−1 − c n−1 b n−1 P n−2 .
This recurrence relation can be verified by determinant expansion and appears in numerous sources, e.g., is mentioned in Section 8.4 of Ref. [42] . The characteristic polynomial of H (A1), i.e., the determinant of the matrix (A2), therefore satisfies
A standard method of solving such linear recurrence relations is to use the Z transform. Ignoring the second line in Eq. (A5), i.e., ignoring the impurity, we can get an expression for P n in terms of P 0 , P 1 and λ. Defining F (z) = Z{P n } and using a shift theorem, we get
After solving for F (z) and decomposing into partial fractions, one can take the inverse Z transform, yielding
where x ± (λ) = 1 2 λ ± √ λ 2 − 4 . Defining
for n ≥ 0 0 for n < 0 (A8) we can rewrite Eq. (A7) as P n = P 0 K n + (P 1 − λP 0 )K n−1 .
(A9)
Since we have derived this ignoring the impurity, Eqs. (A7), (A9) are valid either for q = 1, in which case P 1 = λ + iγ, or for values of n less than q.
For q = 1, we have P 0 = 1 and P 1 = λ + iγ so that P n = K n + iγK n−1 , and therefore:
We now turn to q > 1. For n < q, Eqs. (A7), (A9) are valid directly with P 0 = 1 and P 1 = λ, i.e., with P 1 − λP 0 = 0, so that P n = K n for q > 1 and n < q.
(A11)
We have expressions for P n up to n = q − 1, but we want P L and L ≥ q. To go beyond q, we define a new sequence of functions Q n (λ), satisfying the same recurrence relation as P n (A5), except with new initial conditions:
Thus we need to solve
Now we have already solved the same recurrence relation for P n , using the Z transform. The solution is Q n = Q 0 K n + (Q 1 − λQ 0 )K n−1 . Therefore
Noting that Q n (λ) = P n+q−1 (λ), the determinant of the full matrix can be found as P L (λ) = Q L−q+1 (λ). Thus
We now introduce a slight change of notation: we refer to this polynomial as P L,q . In other words, the characteristic polynomial of the Hamiltonian matrix of a lattice of size L and having the impurity at position q will be called P L,q . Note that Eq. (A14) reduces to Eq. (A10) for q = 1; thus
for all positions of the impurity, 1 ≤ q ≤ L.
By binomial-expanding (x ± ) n+1 , one can show that
This shows that the zeros of P L,q (eigenvalues of H) are symmetric by reflection through the imaginary axis in the complex plane, since if λ = a + ib is a zero then −λ * = −a + ib is also a zero. This symmetry is obvious from the spectra shown in Figure 7 .
Impurity at center
We now turn to the case we have focused on in this paper: when L is even and q = L/2 or q = L 2 + 1. In this case:
Now precisely when γ = 2, this can be written as
This means that every root of the polynomial is a zero of order at least 2, i.e., the eigenspectrum is doubly degenerate at γ = 2. We have thus analytically derived the most prominent feature of the spectrum presented in the main text. We now argue that, for a tridiagonal system such has ours, a coalescence of eigenvalues implies a coalescence of eigenstates, i.e., that the eigenstates corresponding to the equal eigenvalues are always linearly dependent. Consider some eigenvalue λ and corresponding eigenvector X = (x 1 , x 1 , . . . , x L ) T . Due to the form of the matrix, all the components x i can be written as a function of λ and the terms on the diagonals, times the first component x 1 . If we have any two eigenvectors with the same eigenvalue λ, the functions in the eigenvectors are the same functions, and hence the eigenvectors only differ in the choice of x 1 , i.e., they are linearly dependent. Thus, if there is a degeneracy at some point, the eigenvectors are linearly dependent, and hence we have an exceptional point.
Appendix B: Eigenstates
We show some eigenstates of the system, through their occupancy profiles.
Since the eigenvalues are complex, there is no particularly natural way to order them. Here we order the eigenstates based on their real component, and then by their imaginary component, from smallest to largest, i.e., 1−2i comes before 1+2i. Figure 10 illustrates a selection of the eigenstates of a system with L = 42 sites. They are labeled as 'E i ', i.e. the eigenstate presented is the state corresponding to the i th eigenvalue, when ordered in the described manner.
Note that the eigenvectors coefficients j|φ are themselves complex; we only show the occupancies | j|φ | In Figure 6 we saw coalescence of every pair of eigenvalues at γ = 2. This was for a system with L = 14 sites, and the impurity at site q = 7. We now outline the L-dependence of the spectrum. The pattern is different for odd L. For even L, there is a difference between L values satisfying L = 4n + 2 and those satisfying L = 4n, where n is a non-negative integer. The case L = 14, presented in the main text, belongs to the L = 4n + 2 sequence (6, 10, 14, 18, . . . ). In Figure 11 we show the case of L = 30, showing exactly the same pattern: all eigenvalues pair up in a multiple exceptional point exactly at γ = 2. There are an odd number of pairs, and the eigenvalues with central real values have zero eigenvalue after the coalescence, i.e., for γ > 2. One of these two eigenvalues correspond to the localized eigenstate, and has imaginary part growing with γ.
For even L values satisfying L = 4n, the situation is very similar, with one additional structure. As proved in Appendix A for even L, at exactly γ = 2, all eigenvalues pair up; this is true for both L = 4n + 2 and L = 4n. In addition, for L = 4n, at a value slightly above γ = 2, the two eigenvalues with real values nearest to zero coalesce in an additional exceptional point, as seen in Figure 12 for L = 8. It is at this point, γ = γ 1 > 2, that the localized state appears and the imaginary part of the corresponding eigenvalue separates off and starts to increase unboundedly in the negative direction. With increasing L in the sequence L = 4n, the location of the new exceptional point, γ 1 , approaches 2.
We now turn to odd L, with the impurity placed on the central site, q = (L + 1)/2. For L = 4n + 3, there is only a single exceptional point. This appears to be a third-order exceptional point, and appears at a value γ > 2. An example is shown in Figure 13 , for L = 7. As the system size tends to infinity, the location of the point tends to γ → 2. There is always a single eigenvalue that has a zero real component -the two other eigenvalues with real parts closest to zero merge with this at the exceptional point. Finally, for L = 4n + 1, there appears to be no ex- ceptional points; nevertheless, at large γ the eigenvalues pair up gradually. An example is shown in Figure 14 for L = 9. A single eigenvalue remains unpaired with zero real component. Although this does not merge with any other eigenvalue, around γ ≈ 2 the imaginary component of this eigenvalue starts increasing unboundedly with γ, indicating that the corresponding eigenstate becomes localized.
In summary, although there are differences in detail between the four cases, there is always a bound state at large γ, and around γ = 2 there is always some reorganization of the spectrum. With increasing L, the location of these features converge toward γ = 2.
Appendix D: Effect of impurity location
In Appendix C, we illustrated the dependence on the lattice size L, focusing on the case where the impurity is located at the center of the lattice, q = L/2 or q = (L + 1)/2. In this Appendix we briefly discuss the dependence of the location q of the impurity, focusing on the When the impurity is not on one of the central sites, the eigenvalues do not all coalesce as pairs at γ = 2. As the impurity is moved from the edge site towards the center (q = 1, q = 2,...) there is an exceptional point at a value of γ which is less than 2 for odd q and larger than 2 for even q. At this exceptional point, the two eigenvalues with real parts closest to zero coalesce. As in the case of a centrally located impurity, when γ is raised further beyond this value, the real parts of these two eigenvalues are locked at zero, and the imaginary part of one of this pair starts to increase in magnitude. This indicates an eigenstate localized at the impurity. (E.g., for q = 1 this state is localized at the edge of the lattice.)
